Abstract. Escribed and inscribed triangles for a triangle on the plane is generalized to a simplex on the n-dimensional Euclidean space with n 3. As an application, we can get Bevan Point Theorem for a simplex on the n-dimensional Euclidean space.
Introduction.
For a triangle on the plane, three perpendiculars from vertices to the opposite edges are concurrent and their common point is called the orthocenter of the triangle. Moreover, the common point is consistent with the incenter of the inscribed triangle, whose vetices are feet of the perpendiculars above. Conversely, the incenter of a triangle is consitent with the orthocenter of the escribed triangle, whose vetices are excenters. In this paper we generalize it to a simplex on higher dimensional Euclidean space, however, for higher dimensional case, the perpendiculars from vertices to the opposite faces are not concurrent in general, so there exist several ways of generalization. We choose one of these ways of generalization, because in the way we can calculate the escribed and inscribed simplices explicitly and we can generalize the following theorem to a simplex on higher dimensional Euclidean space:
There exist three ways of generalization of the escribed and the inscribed triangles of a triangle on R 2 to the escribed and the inscribed simplices of a simplex on R n for n 3.
(A) For a simplex ∆ n (q 0 , . . . , q n ) on R n , the inscribed simplex is the simplex such that the i-th vertex of it is the foot of the perpendicular from the vertex q i to the opposite face ∆ n−1 (q 0 , . . . q i . . . , q n ), where the circumflex indicates that the term below it has been omitted. In overview, the escribed simplex is the image of the inverse mapping of the mapping from simplices to their inscribed simplices. (B) For a simplex ∆ n (q 0 , . . . , q n ) on R n , the escribed simplex is the simplex such that the opposite face of the i-th vertex of it is including q i and perpendicular to the straight line passing through i and q i . In overview, the inscribed simplex is the image of the inverse mapping of the mapping from simplices to their escribed simplices. (C) For a simplex ∆ n (q 0 , . . . , q n ) on R n , the escribed simplex is the simplex such that the i-th vertex of it is on the straight line passing through i and q i and its opposite face is including q i . In overview, the inscribed simplex is the image of the inverse mapping of the mapping from simplices to their escribed simplices.
In this paper we use (B):
. ., n, and we have
where i, c, r, and R are the incenter, the circumcenter, the inradius, and the circumradius of ∆ n (q 0 , . . . , q n ), and c E and R E are the circumcenter and the circumradius of
Remark 1.1. For n = 2, the equation
holds. This is a natural consequence from Theorems 1.1 and 1.2, but we also have it by direct calculation. See Remark 2.3.
Preliminaries.
For a simplex ∆ n (q 0 , . . . , q n ) on R n , the family of vectors {q 0 − q n , . . . , q n−1 − q n } is linearly independent, so it is a basis of R n . Let {t 0 , . . . , t n−1 } be the dual basis of it, i.e., (q i − q n ) . t k = δ ik for i, k = 0,. . ., n − 1, and let t n = − ∑ n−1 k=0 t k . Then we have the following proposition and lemma. 
which does not depend on the index j = 0,. . ., n, where (v 0 , . . . , v n−1 ) is the matrix that has v 0 ,. . ., v n−1 as column vectors. Then the signed volume of the simplex ∆ n (q 0 , . . . , q n ) isṼ /n! and
holds. For i = 0,. . ., n, let
which does not depend on k = 0,. . ., i−1, and ℓ = i+1,. . ., n, where ⟨⟨v 0 , . . . , v n−2 ⟩⟩ is the unique vector such that
Then, the foot of the perpendicular from x to the face
Especially, the foot of the perpendicular from the vertex q k to the opposite face
Proof. The vector t k is perpendicular to ∆ n−1 (q 0 , . . . q k . . . , q n ), so it is enough to show that the point x−
where the first equality is from Proposition 2.1 and the second equality is from ∑ n j=0 t j = 0.
Especially, the height of q k from the opposite face is
We can represent centers and radiuses of the insphere and the circumsphere of a simplex.
Lemma 2.2.
The incenter i, the inradius r, the circumcenter c, and the circumradius R of ∆ n (q 0 , . . . , q n ) can be represented by the following:
. ., n, because the height is equal to the inradius r. So
For the circumcenter and the circumradius, it is enough to notice that the result of the following calculation does not depend on k:
The following lemma is useful.
Lemma 2.3. The following equations hold:
Proof. We have all equations by the following direct calculations. For (2.1):
where the second equality is from ∑ n j=0 t j = 0, Proposition 2.1, and Lemma 2.2. For (2.2):
For (2.4):
where the last equality is from
where the second equality is from (2.3). For (2.5):
where the second equality is from (2.4). For (2.6):
where the first equality is from (2.5) for x = q j and y = i, and third and fourth equalities are from (2.4) for x = y = i. 
. . . . . .
It is from §9.7.3.7 of [1] or the following caluculation
where the third equality is from (2.3) and the last equality is from
So we have
3. Escribed simplices and Generalization of Bevan Point Theorem.
The following theorem is the explicit representation of the escribed simplex.
Proof. First, we have t i }), the third equality is from the perpendicularity of vectors q j − i and q E i − q j for j distinct from i, and the last equality is from (2.1) for x = i and (2.6). From the calculation above, the following equations are obvious:
Secondly, we can represent the vector of the dual basis:
for k, ℓ = 0,. . ., n. Thirdly, we have
Fourthly, the results above imply
where the last equality is from (2.6). At last, we have
where the second equality is from (2.6) and the third equality is from (2.1) for x = i, respectively. The lemma above is essentially including generalized Bevan point theorem. 
